Abstract. Let f : M → M be a C 1+β diffeomorphism, where β > 0 and M is a compact Riemannian manifold without boundary. In [Sar13] , for all χ > 0, for every small enough ǫ > 0, Sarig had first constructed a coding π : Σ → M which covers the set of all Lyapunov regular χ-hyperbolic points when dimM = 2, where Σ is a topological Markov shift (TMS) over a locally-finite and countable directed graph. π is Hölder continuous, and is finite-to-one on Σ # := {u ∈ Σ : ∃v, w s.t. #{i ≥ 0 : u i = v} = ∞, #{i ≤ 0 : u i = w} = ∞}; and π[ Σ # ] ⊇ {Lyapunov regualr and temperable χ-hyperbolic points}. We later extended Sarig's result for the case dimM ≥ 2 in [BO18] . In this work, we offer an improved construction for [BO18] such that (∀ǫ > 0 small enough) we could identify canonically the set π[ Σ # ]. We introduce the notions of χ-summable, and ǫ-weakly temperable points.
Symbolic dynamics are a powerful tool which allows us to derive many strong conclusions on smooth dynamical systems which admit them. For example, construction of Gibbs and SRB measures for uniformly hyperbolic systems [Bow08, BM77, BR75] , classification of toral automorphisms (in the monumental work of Adler and Weiss) [AW70] , counting periodic points [Sar13] , counting of measures of maximal entropy [BCS] , and many others. In the general setup of a non-uniformly hyperbolic diffeomorphism of a compact boundaryless Riemannian manifold, in [Sar13] , Sarig had constructed a Markov partition when the dimension of the manifold is 2, and we later extended his result to any dimension in [BO18] . Generally, diffeomorphisms might have many points which are not hyperbolic (elliptic islands, homoclinic tangency, etc.); thus the codings of [BO18, Sar13] usually code a set M . However, not every point which demonstrates hyperbolic behavior is necessarily covered by these Markov partitions. The authors in both [Sar13, BO18] construct a set of Lyapunov regular points which are covered by the Markov partition; but this comes with two clear disadvantages: 1) Lyapunov regularity restricts us to the study of probability measures, which are known to be carried by the Lyapunov regular points, but do not include the rich ergodic theory of infinite conservative invariant measures (see Definition 2.1 for the definition of a conservative measure in our context). 2) There could be many other points which demonstrate the relatively-easy-to-study behavior of the Markov structure, which are not Lyapunov regular, and which are being ignored-thus not using the strength of the coding to 1 its fullest. One could simply choose to work with the image of the coding, or the set covered by the Markov partition, but this prevents us from making any new definitions and extending objects, since defining them based on a specific construction seems less natural. We therefore wish to find a Markov partition (or coding) and a set of hyperbolic points with the following three properties: 1) The Markov partition covers that set of hyperbolic points; 2) Every point which is covered by the Markov partition belongs to that set of hyperbolic points; 3) That set of hyperbolic points is defined canonically, and not by the specific coding (i.e. based on the quality of hyperbolicty of a point along its orbit, and not on a specific choice or construction). We offer such a Markov partition and such a set of hyperbolic points, by presenting an improved way to carry-out the construction in [BO18] , and its analysis. This paper treats diffeomorphisms. The case of flows brings in new difficulties, because of issues related to singularities in the Poincaré section. The paper [LS19] codes a smaller set than the set of Lyapunov regular points. The author has been informed by Y. Lima that together with J. Buzzi and S. Crovisier he now has a coding which captures a larger set than the set of Lyapunov regular orbits (work in progress). It would be interesting to know if the set of coded points can be characterized completely as we do in this paper for discrete time systems.
In [Sma67] , Smale introduced the notion of the homoclinic relation between two orbits of periodic hyperbolic points by, O ∼ O ′ ⇐⇒ the global stable leaf of a point in O intersects transversely with full codimension the global unstable leaf of a point in O ′ , and vice-versa. In [New72] , Newhouse showed that this relation is in fact an equivalence relation, and so the notion of a homoclinic class of a periodic hyperbolic point rose naturally. The closure of {O ′ : O ∼ O ′ } is a closed and transitive set, and as such it is used often in the studying of transitive hyperbolic dynamics. In [RHRHTU11] , Rodriguez-Hertz, Rodriguez-Hertz, Tahzibi and Ures have introduced a new notion to consider hyperbolic points which are associated with the orbit of a hyperbolic periodic point, which is called an ergodic homoclinic class. They have shown that ergodic homoclinic classes hold the property of admitting at most one SRB measure. We consider this object with the larger set of hyperbolic points (as mentioned in the paragraph above) replacing the Lyapunov regular points.
1 This allows us to not restrict ourselves to probability measures, while having a canonical way of studying conservative (possibly infinite) invariant measures with the powerful tool of symbolic dynamics. We show in addition that an ergodic homoclinic class, admits a point with a forward orbit which is dense in a set which carries all conservative measures (possibly infinite) on it. More generally, an ergodic homoclinic class has a subset which carries all conservative measures on it, and which can be coded by an irreducible component.
Definitions and Basic Properties
This work uses tools which were previously developed in [BO18, Sar13] . In the following subsection, we introduce two notions of hyperbolic points, in order to have a canonical 2 characterization for a set of points which our symbolic extension codes (see [BO18, Sar13] 
is the inner product on the tangent space of x given by the Riemannian metric. | · | x : T x M → R is the norm induced by the inner product, |ξ| 2 x := ξ, ξ x , ∀ξ ∈ T x M . We often omit the x subscript of the inner product and of the norm, when the tangent space in domain is clear by their argument. Notations:
(1) For every a, b ∈ R, c ∈ R
(3) For every topological Markov shift Σ induced by a graph G := (V, E) (e.g. Theorem 2.7), ∀v ∈ V,
[v] := {u ∈ Σ : u 0 = v}.
1 This does not harm the uniqueness of SRB measures, as every invariant probability measure is carried by the Lyapunov regular points regardless. 2 In this context, "canonical" means definitions which do not rely on a specific construction of symbolic dynamics, but which depend only on the quality of hyperbolicity of the orbit of the point. 
(3) We define for each x ∈ χ−hyp,
). The following theorem is a version of the Pesin-Oseldec reduction theorem, which we prove in [BO18, Theorem 2.4,Defintion. 2.5]).
where
c χ (x) is a measurement of the hyperbolicity of x w.r.t decompositon
-the greater it is, the worse the hyperbolicity (i.e slow contraction/expansion on stable/unstable tangent spaces, or small angle between the stable and unstable tangent spaces).
This fact follows from the definition of the maps C χ (·), and can be seen in [BO18, Theorem 2.4] where they are defined. It is important to note that the expression for the norm of C
Σ admits a factor map π : Σ → M with the following properties:
(
This theorem is the content of [BO18, Theorem 3.13] (and similarly, the content of [Sar13, Theorem 4.16] when d = 2). V is a collection of double Pesin-charts (see Definition 2.9), which is discrete.
4
Definition 2.8. Let ǫ > 0 and x ∈ χ−summ,
is well defined and smooth. When ǫ ≤ r, the following is well defined since
(1)
The set of all ǫ-weakly temperable points is denoted by ǫ-w.t.
Remark:
(1) Notice that item (3) could have been replaced by "∃a > 0 s.
, and q can be rescaled. The 48 β exponent is not an intrinsic property-every fixed, sufficiently large, power of c χ (·) in the definition of Q ǫ (·) would have sufficed; altering the power alters both the set of hyperbolic points, and the coding, via the ǫ-overlap condition, [BO18, Definition 2.18].
(2) In [BO18, Claim 2.11], we show that ∀ǫ > 0, almost every point is ǫ-weakly temperable w.r.t.
every invariant probability measure carried by χ−summ, (by the fact that for almost every x ∈ χ-summ, lim with 0 < p s , p u ≤ Qǫ(x); and discreteness means that ∀η > 0 :
Remark: Q ǫ (·) depends only on ǫ and the norm of C −1 χ (·) (a Lyapunov norm on the tangent space of a point), which is given by Claim 2.6, and depends only on the decomposition
. By equation (1), if x ∈ χ-summ is also ǫ-weakly temperable (and ǫ is small w.r.t χ, β, as imposed by the assumption ǫ ≤ ǫ χ from Theorem 2.7), then the decomposition T x M = H s (x) ⊕ H u (x) must be unique. Therefore, Q ǫ (·) is defined canonically on ǫ-w.t, and does not depend on the choice of C χ (·). Thus, ∀ǫ ∈ (0, ǫ χ ], HWT ǫ χ is defined canonically. Remark: HWT ǫ χ is of full measure w.r.t. every invariant probability measure carried by χ−summ. In [BO18] (and in [Sar13] 
Proof. Let x ∈ HWT ǫ χ , and let q : {f n (x)} n∈Z → (0, ǫ)∩{e − ǫℓ 3 } ℓ≥0 be given by the ǫ-weak temperability of x. Define q(f n (x)) := max{t ∈ {e
It follows from Definition 2.8 that
Symbolic Dynamics
We now present some changes to the construction of ǫ χ , V, Σ, and in Theorem 3.3 we will show that this does not affect the statements of [BO18] . On the other hand, these changes will allow us to construct the symbolic dynamics in such a way that we could characterize the image of Σ # (for every ǫ > 0 small enough).
Assume that there exists a χ-hyperbolic periodic point p, so that ∃ǫ χ > 0 as in Theorem 2.7. 
Step 1: By the relevance of u 0 , take some chain w ∈ 
(2) The last inequality is true since t → C −1 t (x) is monotonous for every x ∈ χ−summ. Thus, p ∈ r ′ −hyp ∀r ′ < χ.
Step 2:
2 , a contradiction to equation 2 from step 1! Therefore,
and similarly with T p V u (u); and so p ∈ χ−summ. involves Lyapunov regularity, and we claim that this was unnecessary, when wishing to work with conservative (perhaps infinite) measures. In Definition 2.11 we introduce a definition for a more inculsive set HWT ǫ χ , which does not depend on Lyapunov regularity. We show in the proof below that HWT ǫ χ still admits the property of being coded by a Markov partition; but in fact it carries additional natural properties which we will see later (e.g. Corollary 3.9, Proposition 4.10).
Proof. Let ǫ ∈ (0, ⋆ ǫ χ ]. The following steps are done both in [BO18] , and in [Sar13] when d = 2. We follow each step and give references to [BO18] for the case d ≥ 2, although these references are analogues to the preceeding work in [Sar13] .
Step 1: In [BO18, Definition 2.10], the authors introduce N U H * χ , a set of Lyapunov regular χ-hyperbolic points, such that ∀x ∈ N U H * χ , lim n→±∞ Step 5: By Lemma 3.2, ∀u ∈ (1) By the ǫ-overlap condition, [BO18, Definition 2.18],
Thus, ∀n ∈ Z, by step 4 (recall Definition 2.8, for definition of Q ǫ ), This notion was introduced in [RHRHTU11] , with a set of Lyapunov regular points replacing HWT ⋆ χ . Every ergodic conservative χ-hyperbolic measure, is carried by an ergodic homoclinic class of some periodic hyperbolic point.
Definition 4.2.
there is a path of length n RS connecting R to S, and a path of length n SR connecting S to R. The relation ∼ is transitive and symmetric. When restricted to {R ∈ R : R ∼ R}, it is also reflexive, and thus an equivalence relation. Denote the corresponding equivalence class of some representative
Proof. We prove an exponential contraction strictly stronger than e −χ on H s (p). The case for
where the third line is by the Cauchy-Schwarz inequality, and the second line is since |a
is a linear map, then by working in coordinates, it is sufficient to assume w.l.o.g. that d p f is of the form of a Jordan block J s(p) (λ) for some λ ∈ R \ {0} (since f is a diffeomorphism). Let N denote the nilpotent matrix whose superdiagonal (entries right above the diagonal) is all ones, and all other entries are zero, and I denotes the identity matrix. Then N s(p) = 0, and trivially N and λI commute. Then J s(p) (λ) = λI + N , and by the binomial theorem (w.l.o.g.
Since J s(p) (λ) is a Jordan block, it admits an eigenvector with an eigenvalue λ, and so J s(p) (λ) ≥ |λ|,
2 e 2χm < ∞, and so 0 < |λ| < e −χ . On the other hand, by equation (5),
′ m , where χ ′ := log |λ| < −χ. Thus, lim sup m→∞
This concludes the proof for the case f (p) = p.
In the case where the period of p is l > 1, write ∀ξ ∈ H s (p),
Then by the first part of this proof, ∃λ i , i = 0, ..., l − 1 s.t. 0 < |λ| < e −χ·l and 
where 0 < q ≤ Q ǫ (x), and
Similarly we define an s−manifold in ψ x :
with the same requirements for − → F s and q. We will use the superscript "u/s" in statements which apply to both the u case and the s case. The function
The parameters of a u/s manifold in ψ x are:
• γ−parameter: γ(V u/s ) :
Notice that the dimensions of an s or a u manifold in ψ x depend on x. Their sum is d.
Recall: ∀u ∈ Σ there exists a local stable manifold for
, and a local unstable manifold for π(u), 
Note: the chain {ψ
} n∈Z is admissible (see [BO18, Definifion 2.23] for the conditions for an edge between two double Pesin-charts).
Lemma 4.7. Let p be a χ-hyperbolic periodic point, and let u be the admissible (periodic) chain {ψ
A similar claim holds for x ∈ V s (u) ∩ HWT 
) which is close in C 1 -norm to V s (u), and the C 1 -distance is calculated in the chart ψ S(x,ξ)) }.
Step 1: 
δ , for small enough δ ∈ (0, 1). We then get that all together,
χ (p) (1 + δ)
For δ ∈ (0, 1) small enough so ≥ 1,
Since both ζ and η depend continuosly on ξ, and can be made arbitrarily close with δ > 0 small enough, and since S 2 (p, ·) is continuous (see [BO18, Theorem 2.8]), we may assume w.l.o.g. that
S 2 (p,dp(f −1 )η) ∈ [e −δ , e δ ]. Thus we get in total,
